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Functions of multiple variables

F= (X % X3y Xh)
With f() a real numbe 1

We say that f is a real, scalar-valued function
of n variables;

FR—R
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Consider 097X 55 f1FR
We Vf_ﬂm(l.ZC So”‘eéf'me_g‘ via o

(( ll )
Surface plot”, set 2=
F Z f(xllﬁ>.
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FipeR'—R

we often need to restrict the domain
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Usually, the domain may be determined

by inspection.

Flxs)ln (Xrs- )
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EX F(M( the domain of
o

Then 1X8 20 = xrfd)
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We have seen before that traces may be used
to help sketch surface plots.

| r 2
—X—
f=p °
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Level curves are another visualization tool.
AE 2

=X y% Pr oject traces
1 2=K down (nto
X\ qune_.
X % / Y,
/\y
T K l/iSMqliie_

SHTTTPr p W the
AL X-y qung
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Now add in more k-values...
AN
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Ex: Ske tch a contounr plot for
‘F(X’tS):XE 32' K=0
N7

U

—

k=0
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Level surfaces

Consider )C(X/ ‘d,Z): }<

€3 T(x82)= X4y+2* =K >0
\/\\/\/
SPheres of Fadius \R
One could try to visualize these together,

but this is difficult (how do you see one sphere

within the next?) so we will not focus on level
surfaces.
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LIMITS T4 Flaw—=L as (9)>@b)

the we Say '
) -
(X9)>@b) g(XI ‘j) é ‘

More ?reciselg) /‘F for ANY €50 '“)er,:
|§ Some S:g(€)>0 such that

0<§(X-T+(V-L)1<S = I ¥(X/5)-L]<€
then the limit exists.
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Z oL { we
choose € >

\
-0

) - there must |,

Qa ne('Sh)aof‘}\owL
—|-c 0 (4, L) ‘H\d\{'

%rmps (nTo
(e, L+e)

v
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7 X
does not ' 0€S nNo
force\/ N '_ ‘F(xl Sy
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In D\D (or higher) ?[)16 /I-mf?L may on1«3
exist a‘/on3 Spe(f)cr'c Pa ths

AT m Lhxzo
(X)X)—)(O’o)

14



math2110L7Full.notebook September 24, 2014

EX Consider F(qu)= SO+

X" -y
Note (0,0) is NOT iy the domain , Zw\f we can

Still |k abont: ”Vh _SI( ’9)

'j 9(010)
(fame as IIYV\ Sin(r)
ot =~ = |
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EX: F ind “W\ atd or write DNE
- (k) (o0) X9 )

if the limit doeq not exist.

The way you usually show DVE is fo fing
two paths that yield different (imits
I)Sef y=0... (Kf)’).’j)’](oo );(S =0

,(X?SO),.)

3\)56(' y=-X.... (h’vv\ N lio
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To show that limits exist we will usually cheat a
bit and cite CONTINUITY.

‘ II-MI-'I' 'CXl.j"f
When i . } o ==
en (le)n;\(q' 'S:(X:‘ﬁ f(q ) €4uals -f(qlé)

We Say {:qs Corﬂ[ml/\OMS 41& (@L)
(cr;

KT T iscTS at every pont of q ot A
WE Say ﬂg s CTS on/Ag”
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Polynomials are CTS everywhere and rational

functions are CTS on their domains.
22

[X: Find lm XY
- B> (i) Xy

DIVE (¥ the limtdoes not exist,
Sl'v\(eall) (l_g m 'H]e dOWMI.ﬂ) we ﬂO{Q
X-y (SN

X}(-‘(Jl B FQfl On((( ) hence 6"”‘)(1,[} Xw:(_yl\ /)'+[ 2

or wiite
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EX: Define §k)=35mm , (19700

XHy2 )
I' O }(x/':)):[f’/O) o
Show M S(x¥)=Dyg

(x,¥)>(00)
Usefu| short-cut s try 7=l<_>< o
im k=i XXl EK. K

(X;k’()?(b,()) X20 Xl_’_klxl— X0 [+ I+k1.

The (it is K‘Jepenjeyfc >DWE
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EX_: lim ey

(%, ) /0,0)
Conce(vably discuss Such hmits /n/<e in Calc T

=0 ; Weé Can
| (xlyli(d 0)
EX P Ls 'Y(X,)’): ?O) (X/Y): (c),’o) cTs at /0,0)?

Mo im  §uyl= | fou)= ¢

(ky ‘7(010)
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Guidelines to identify continuous functions so
you know when certain limits automatically exist

(1) Sums, differences and products of

CTS functions are CTS (check domain)

(2) Ratios of CTS functions (check domain)
(3) Compositions of CTS functions are CTS**

K¥ IS 3(0\):!;:)('[;2 q(x) é )’('_’770 £ ()= f(1)
then M §(s6)=(b)= §(a(ar)
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EX Fmo( the [imitor write DNVE.

I”h /n ( H’)’ 7
(x9)> (o) \XTHXY ;
+y>
(2) s CTS at 2= and g 'S

(xiy)=(ho)... bmm |y (xy) hll)= ¢

I adl )
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E X . I-M éX1 S('n ( x+ )

- &ﬂ?d,)

-()) (<)
— i ( ]

CTS

September 24, 2014

+(-Q)1) - EZ S
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E)('. I,‘m XY \:>
/(x,y)e!_&_,ﬁ JX-Z;"T v
Y

division by 2ero = red Hqg

The [imit furng out fo be 2<ro, hut (t
ILakeS ‘H\ought /Votﬁ the numeranLor (5
offectively “higher-orde” thay the denommqﬁr,

So (+ vanishes Taster as bav2(00).
This vequires an "€-§ proof... we uill skip.
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1,:)( - im 1<>’“; = ¢

= ay)op) X+ °

(0,0) is MoT in the domain... Need {q /'m,fsfl-jq{_e
Alonq paths ike Y=kx the (imit=0.
However, y% 15 & red Flag... Numeratoris L th
order. Take Y= X

XX

A Lo [
(o Polo) xR T
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. 2 )02
Practice! (a) /im ) Sth°x -

() Ky

v Y2 sintx
UD) (Xy)> (0, 0) ’>Zq+y“l‘ = ?

(a) = ”))S"nl(l)
T ledsig) (e

(\l)) — Iy szl } ‘/:KK? kZX
414
D\\A/N\ (Hk)

(le)ﬁ(o/o} quyq —
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Sketch the domain of

flo9)=e ) =y
XEIZO =2 X< or X>//
) ey

\\\xﬁ
NN
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Cketch level sets o fbay)=x+y?

k=0 => x=-y*
k=) :> X= /—>,7~
K:~| => X:,I_y}

28
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i X0 o+0\_0_- (CTS$)
O(xyl—v(oo) X+-y+ Do -0 [TS

,\ Q)Z_-{-y)
(x;yg(/,o) I”(xﬁayl IV\( ) \n()\)
T
lim ><2+y1* ~ (C )
/xly)‘7(0,0) axz_l,%'l — D/VE
Kk i
T
AR 1+K\
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