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Green's Theorem is a special case of Stoke's

T §, 1S a _S‘ur'Fqce n

the Xy- plane [ E

y (S;f) jF Jr'ij(VXﬁ)'li A

But we Previously Showed that Greep's
/H\COFQW\ may Le U\lF(“H*Qn "HIIS Way.



math2110L20Full.notebook November 11, 2014

Some examples for Stoke's Theorem

@(’: (et S be the Y sides & top

(not bottom ) of the cube with vertices
(i I 1 s I>) owtwardk orientation. Find
‘”(\7,(1?).0@ ' {?:X)’Zf-l-)(}'j+x7‘7lzl: |
S Use Stoke’ fo write as

a line inteqra) over C,

he union o f CG,G G
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jf((?xl?)-df = fF’-Jr%fxszx +yxdy +xv2 A2
5 C C
Note d2=0O Since 2_:-/ Constant on (.

s Cq|cv\\0\":‘€ c
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EX Verity Sloke T)\eorem '[:ar

S the half of the Surtace ot {he uni-
iy phere with Y70, oriented in +Y-directian,

M F={),2,%>,

S= P“"“md'e rr2atio V]

X=€0895ing ) 0 o< T
/ S'"’\Q S'hq¢

2 =cosg 08sT




math2110L20Full.notebook November 11, 2014

Frevions resalts...

P (4,0)= (cosesing) Sin0sing 058>
o = ooty 0053 s
(Corred‘ ofientation )
~ | ¢ 1K
\/XF = ¥y g | —
F~ Dol by e ,<-I,-I,—]>
y 2z X
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\U(Wk -d< = f(} - r¢xr)d¢o(9
j (oSQ+S|/}9)_S‘Ir)¢+Sm¢coS¢ ol¢d6

<¢os@+;,,,946)(jsm¢) i Kb

e

Ji (Fcosg)dg
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J(sz'?/Jf =23 '[T’ SISX%f/,:j
J_<>“ :@

Now wé need \4.0 Show J'FAJ?: - 1C .
Z:CoS(-l-) -

X=sin(t)
EH)=Csin(t), 0, cos(t)

E (cos(H),0,75m (+)>
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JFQ jo cos (], Sin ('H> (costH, 0 Sm({))oH.
- o <7 2 X7 ("9 —

2T

= j‘ffnl(‘HoH: - TC

(O

LT

Recall jcos(ﬂdf fpy, G = Tr

o

We have verified Stoke® Theorem.
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Divergence Theorem
We. Prevfov\sl\/ decived another Version

of Green* Theorem: j (FMs :f f(V'fg)dM _
¢ J

There is an eXtension to 3D:

I [odn

- DIVERGENCE R
3=V THEORE/\/\ V Y)”()U'(Ward”

\_ _

e
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EX Find the Flux of E= =y2, 1y, X3
O\/\fwma( 'é}\f‘ougl) ﬂe SlAr‘Face d'F the
Wnit Spheré.

jjﬁm =)o
m%v%(f( ) ﬁ‘g@
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EX: Fid fanc!S if Sis the

Surfaece of H\e Z)OX Q‘X4/ 0<>’</
1424(,/

and ﬁ:O‘z; Y2, Xz

]

V-E = dxdz4xe243%

”Fnés fﬁZJ@"O‘V j J 2+3x A2 dyd

"’ZO
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Some commonly-used formulas resulting from
the Divergence Theorem

ffffo‘v M\“/‘G > dV
«iéév"@ndf j;jwc(c-ﬂo\g

fff %JV'-Q?/F?))JS? J Uf f f“zfévi (i a)ds
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EX [et V Le the unct "ball" enclosed
b\/ the unit sphere V. Weite

J'J‘j)( 7’0{\/ asS 4 SMF'F4ce lf)ftfjfﬁ{overél/_

There arﬁ many solutions. For excun,p)Q}
Ky =55 (¢ 2)

>JJfX)’a‘V ﬂ Nk fkrz e Jds
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E/X:,W\ow that jffx AI/IO/ |

\/ is the unit Zm(l
r\-/:o\,-{-wel +his shonld be true. We <an Shoy,

a’:rec-Hy b\/ nofmg f”""“’ ”y (/-Xyz dl

jj(f\l\l 7S

X+\/+2 f ondV.
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E/x Let S be the upper half (220) of
'H\ﬁ unit SF}\ere CC{ICU\IQ'('-Q fJF ndg ,.F

F <7,>< 2>
AY E:f, ’{Uge{-ker énclose
volume |/

D [[|rdv=[[Fass+] [ Fads
sy
caleylate
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0" Sl) F‘\B;'\):F 010)’,>
Z-2z0, since Z=0 o 5\;

Chere fore. /
J;JVF);\IJS :ij V<y} x,2>au/
V

WA -
zjéfldV: 3 (37‘—(‘)3)‘ E
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Extension of the Divergence Theorem

We_ could havﬁ 4 volnme w,'.[.;\ oL

Tcavity” e.3. - {(x,y,z): le’l‘/l-FzzQ} .

~ oA

et SI Lound V, )gl bound Vl'
Then

' JJJuedr-fliora{{fota
ﬂrnJS HF(WS
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>f”v Edl- fj’pnxs+[fF,, s

jf*nJS

Here) SIS Ug‘l
ﬁ:%ﬂ, ) on g,

nl) oh _Y) :
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Application: Conservation laws in fluid
dynamics are derived partially by using the
Divergence Theorem.

*Students are not responsible
for this section of material.”

21
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Parf:'c le
.S-'é ream I'h'eS
P=(xyz2)
—7 A radius 0§ L4
X d \f / atomd P |
‘density 6% Some - :
e qmnfhzly trapsported \/ V(dl) Yo.’("me (qu\)
by the lwid Contaming [

U flaid velocity.
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’f’Ae ‘{‘u'(‘al amoomé‘ o‘F (‘Ae, 'f*mnsporéeaf

%V\anfn‘\/ WI‘H\I;\ \/ S j W
C
A

The rate of change (i time ) of this is
Aeﬁrminea by the $lux em across B

JHMV“W

V(d) oV
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D verqgencd Theorem !

i Lot [ 9wy

V(4) /(4)
7 ) R eidy = ©,
/()

%r d/l\ A>O.
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Tn the limit as d—o0,

i  J Jeevealar o

AV€raqe value of ;- V(fl«) on |/
converges t Valwe gt nyrter dS o

= & V((’\} "Teansport
%uxod_';or)
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*This is a "partial differential equation" or PDE.

*You need to specify things called "initial
conditions" and "boundary conditions".

*You would need to know what the velocity is
everywhere to solve for the density. Usually
you don't have this and need to solve more
complicated equations (in fact, we usually
can't solve them directly).

26
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Practice!

et E=%,32Y,2YD. Find

fﬁéhrb £ C is the intersection ot
><+y = | and 2= 217 orented

comter-clock wise as v‘ewed from dbove

Meﬁning hfg}\ on +2-4X1S, IO(’k"'\S In k dire ction,
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= let's use Stokeh.
=)+ 5 .
g4 jF-Aﬁzﬂox,:.“s,
/ VXQ > 7 E
/) F ?’f/bx B/iy %92 :<2}’, 0/_,>.
2y 2y*
X
Parameter2e 5 X< CosE
\/: FSind

2= ARy Hrsind
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7 (1,6)= (cos ©) 5in®) 516>

= (-r5in®, cos8,MCosO>

',-:-‘
rge B Fal’\‘l's (4
r xrg < O ) f'* f\>§ _..> cgrrec‘{‘ of‘/en'('aflon

jVXF nds = jmj%zy,o,-/)@,—r,Odrde

S.vr, A

” rodg=2m 2r/ @

070
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[,6{ $ e the surface oF the

Cobe 0$x&l, 087<l, 0825 (.
Calewlate fff:*.;‘,cgg f
S

B

—

< <Cos (x+1)sin (x#y] ) Costay)sn (X+y)) Zﬂ l
)

With outward orientation.

30



000000000000000000000000

Dwer gence T heorem:

ijno(g fffVFiV

V F [f in (x+y)+cos 6(+y)+5 n (x+3) cos (X“')’)
- -haz= e +A2 ]

—>“F 2SS ”S)zo(zAny QJZJZ 2/ @
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