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Maximums and minimums

let f(xv)be defined on D’CIR

T hen )Cov* (q/ mﬁ'
*Local max @ (G)L) =) '?(XIY) ﬁ ;(Q,L)
hOldS 's:OP 0\” (X,Y) Nnegnr (Q|B)

(3 o ba mix/dllSolere max

2 ) < Rqh) For all )iy
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’Local min &> )C(x,g)Z)C(Q,L)
holds for all %) near (a,b)

Global /absolute min i Chis holds
for all (4) in D

7=6lobal g local o
A X

' >
U S domgip—> ¥
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When derivatives exist at a max/min, they must
be zero. - ., 1 : derivative =0

AV siope £(a)=0
f(x)
| I S

l X
Case - No derivat ve

AY maxy
?(x]
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With multiple variables, the partial derivatives
will be zero when they exist at max/min points.
=

A i
Vi =<f.§ =0 slope 20

. ) =
at max /min. SoPe)CY 0

f(,/
e NU
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o S(.m'.lquy 7C0F more VarfaueS‘
"?(X;‘é’?_“) has M/"X//VIM/
5.6) Se-
at (ab,c) SYs <)Cx,%, D
:<O)O)0> at (q,,o,C>

S(.V\CQ V-F maly na’(’ €¥i5{— 0(‘(' MAX/MUV-PO’.'HLS
we checkall CRITIUL POINTS‘, 1.

where V$=0 oF \[f =DNVE.
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E)(i Find all cr(tical Po{m‘g of
l
T fky)TxEXYTTY
-Fx = D\x"'\/ =0
fy = X—é\/:o
- N \v= —_—,-> X: .
fy_)fy:QY'O_>/ ° ©
XNote { decreases y- dire ction [M{'
incfeqSe; M )(-o((recf{on, a‘k (0/0)
=> SADDLE PolwT

(016) only critical P‘é.
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EX : Find the maxima of
== ()= xRy =Yy-5

f = Ax+1 =0 (x=1)
f\/ :—QV—L}:O (}’:-Z)

Complete the Sq,uw\re

)=~ (= (rea) LO=F01R)
held s %r O\l\_ (X,‘/) =) G.IoLoJ max @ (l ,‘1).

CRIT. PT, (I,—l
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The Second Derivative Test gives a more
convenient way to classify critical points.

D - ?xx %'y’()c}y)l

(1) D>0, §,.>0 = Local min.
(2) D0, §x< O = Local max.

(g) D) = Saddle Pa{n{’.
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f) [0 ) Fy Increasing
Mﬂ’“ > £ 50 at Min

.S'/o)pe<o
slope=o
>
4\y SlOPQ de(‘,\ X
/ %o, .. and §xx<o
TGO
\ &t MAX.




math2110L10Full.notebook October 06, 2014

E/X’: 61455'.{)’ 4” CF{"HU\‘ ,)ofnf’( 07C
{_(Xziﬂ) :XL/"'}’L/' (/Xy'!' [ .

fy =4x*4y=0 )CfLJ\/Z-qX: o,
2y —s xly=0
=>X(X8-l): O
= X=0,11.

CRIT. PTs. {(0;0) 7(.;}_,)} (1) l)}
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]Cxx: /D\)(-L D= 7C><>< {77’(‘%0’)7—
_ D(0,0)= -6 < O
76?7 / I
y DE)=14-16 S, $do.
{X)’: D()/l [~ ] (7>C>) )
(0,0)=> SABDLE PT:

(1,1) & LIl => Locar mi.
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Looking at critical points gives us local extrema
and sometimes global extrema; not generally on
a closed and bounded domain.

12
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|ldentifying GLOBAL extrema takes work:

(() F{'na( 70“’4/'495 atall (ritica
Fo(n‘f‘_f.

() Find mox/min §-values alonq
the domain Eouw\olar‘y.

(3) Take max[mw of all £-values
From Sw‘e]as (’) T ().

13



math2110L10Full.notebook October 06, 2014

EX " F{nal the 3Ioéal extrema of
/;C(x,tg)-:— K= Ax4tLy on the

rectangle OSX<3, OSY< Q.
3 N (1) Find £ @ CRIT. PTs.

| // f z0=2x2y (X=y)
/

X _o=2"1x (x=1)y=()

£ "Q“:E

( X 3

14



math2110L10Full.notebook October 06, 2014

]C_—_)(Elxy_f_)_y
(=) Max/min along houndary.
x=0 D 22y, 0¥ 0<f
o x=3=> £=1 6)’*27—1‘/y~> |& £<9
L y=0 D F=x" <><<3f>o<1€<ﬁ

e y=2 = £ 3 L/x+‘{ (xz Y => 0¢F<]

(3) Mi/v O )
'F:! { rom S\Lep (1)=> MAx=9
-

15
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Lagrange Multipliers: used to maximize or
minimize a function under constraints.

-- Maximize the volume of a wooden crate
given a fixed amount of wood to use.

-- Find the minimum distance to a planet
along a fixed, elliptical orbit.

-- Analogous problems abound in
engineering applications.

16
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/U:,s’rracﬂy, we consider

)C(X;\ﬁ) . A f(/mc"(‘(.On "I‘O YY\I'm'm[zQ
O Mmaxim |z e

6(X,‘/)= K ¢ IlCO'\Sﬁq}nt efguqf"on”
restricts (x¥) a(lqwed
(‘Hl;hK “oles}gn Parqme"’f(\sl')

& First sf‘epf }({en*h'fy these for Your proble .

17
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A FiC'I'UU‘e ‘F‘or the ia{Qq._.

\7 q et £(P) be amax/mn
1 3=K of {-‘qlon3 curve j(X/Y/tk.
PN 0) Since gek S feve [ cume
L\ x  Weknow VgL
JI‘\\\D;(‘,,\\\‘/ where F(‘H S a
NP Farame1~er52q{-ion of the

canrve.

Along the curve, £=F(xatyi) 3T (P)= 0.
chainRule.. T X#Fy 2VF- =0

18
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T Sammary at an extfreme valng

of £ along g=K, we have

TV%TWGS v

L—Squqr/
! : ]
Aagmngg MMH‘PI‘.QP

(X,Y)=K } Solve this with
5 v;:xva.

19
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Let i)’l:s:(xlylz)-.- 3()(:)? 2)=K constraint.
773 -F[nd {'he M/?X or MIN o‘F .?I S‘OIVQ

a{;: )\ Ba\i So‘VIlﬂﬂ ~‘:0’\)(1)’;2/)\

—

r)xf\ 23
3§ | 3% .
= = A5y 4 varigbles

ot _ yod e '
2. k% 4 equations

6 (X,Y@): K

20
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- Eid the minimum distance fronn
L the origin o X>, Y = |
4 4
° /e are m{m'm;zinj d:\r)(’q—y’\.

o€ gamlently, use Fy)= syt (e

2
’ ConﬁLm(nJC : ﬂ(’('\/):%*%—l: (

21
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Now apply the methooly selve
51“1x:A1K‘A3g (k=0 o \=4)
§y—-1‘/ )\ >’ )\Sy ()"0 0/‘)\-(‘?)

l
3= ~| %X\/nofl’oﬂ]o
o X=0 ">)\ Cl Y C(soy
d(0,13)= 3 MINY

o Y=0 = X:(_‘) x’:,q =>X:i1/ &("_"l,o) :

22
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EX: Find the minimm distance. trom (0,0,1)

/-‘-0 ‘H\e }\deerbo/ofO{ )(24-,_,—'}'1—72\1:/.
Use $(x%z)= XY+ (2-1)

and 3:X1+t'{)’1-211 | .
AN =AX N 2X=0 or K= |
2y =3 A0 or N
(21 =32 Y= (1+)) 2= |

Xl+q'y—21= | - XY not Lo\“\ 2¢fo..

Solve -

23
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AKX =AX N X0 o~ K= |
=3y A y=9 or N

Y- =32 \ = (1)) 2= |
Khoy-2=| ¥ Y ot beth 2ero..

Solve -

2 | R L’M
 x=0 =Y =r2= 5‘>ql‘/ 25 ¥y 25
—>d 301+L_,_);é+ \\l)o Z\f\o
Y=p D )\=| P2=3 =K —I ) X'= S/q

24
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Thas d=)g 0T L

October 06, 2014

g <%\)3\O :>Ml/\/:‘)§z |
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Practice!
F!'na(, clas;h(y all critical FO‘-"*S o
$(x,y)= éXLI+X\/+‘/1+ [

7C>< - DXB—I—\/: O
Ty S Xy = 0 => X:QVI
-/é\/3+y:(>: \/(/‘“’\/)

=> y = O/ ;\/_L/\l (O)O>/ (’S,I(_>) (Z,_Zf)

26
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‘ F(nd the 3/0130«1 /M/]X/M//V o T
ly) =xpor 7 with AEXEY,
-14
F= Y =0 =>y=< /
‘F\/ :X_ylzo => X= |

(1= - pd & o)
Check Lovmcka\l‘y.. |

28
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C orners
Fram)s 4 =%
(O
(2= 25, $23)= %
Y

EOHQS [ Ch%‘éw\r\ere
ek /G, 500
Where T alona X=1
o _)\E g X=IQ
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O)CX ()(f)—): | FO So “"Hiin_cj

~"0 CheCk G/Onj
°7Cx(><,3\): SFO 3 edges

R (29) =2y #0
.f\/ ()/\/) :D-yl:() 4 y:fﬁ

Compace wi

Check ‘E@;ﬁ): %E all other

S}(Q,\E): 6HR f-valwe s

3 . nO\N._\
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-16

G)lo)wlmln B 7E(1)\
G lohal max is ()= ”/3.

31
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let $ma)=X+2y-92. Minimize
thic over the unit Sgshere,
XEyYH2E |

360)’,2)\;’\ { |

?«:\t :MX:XIX S )ii
Y“XCX\/ =>21=0yy S /=X

]CZ -‘—)\%Z_ '—':>—L{:l>\2 > 2,’—_)\1

32
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